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We present a theoretical mapping to show that a ferromagnet with gain (loss) is equivalent to an antiferromag-
net with an equal amount of loss (gain). Our finding indicates a novel first-order ferromagnet-antiferromagnet
phase transition by tuning the gain-loss parameter. As an appealing application, we demonstrate the realiza-
tion as well as the manipulation of the antiferromagnetic skyrmion, a stable topological quasiparticle not yet
observed experimentally, in a chiral ferromagnetic thin film with gain. We also consider ferromagnetic bilayers
with balanced gain and loss, and show that the antiferromagnetic skyrmion can be found only in the cases with
broken parity-time symmetry phase. Our results pave a way for investigating the emerging antiferromagnetic
spintronics and parity-time symmetric magnonics in ferromagnets.
The first-order antiferromagnetic (AFM) to ferromagnetic
(FM) phase transition (or the other way around) has received
tremendous attention in the community of condensed matter
physics [1–5]. It involves a transition from a configuration
with an antiparallel orientation of the magnetic moments to a
parallel configuration, or vice versa. Conventionally, the FM-
AFM phase transition is induced by heating [6, 7], pressure
[8, 9], and field [3, 4, 10], restricted to some specific materials,
such as FeRh, RMn2Ge2, and Dy, to name a few. It should be
very interesting and important if one can find other effective
control methods and principles to manipulate the first-order
FM-AFM phase transition without the mentioned constraints.
Loss and gain are ubiquitous in nature. Tantalizing physics
under their balance has attracted enormous interest and found
many great applications in the context of parity-time (PT )
symmetry and exceptional point (EP) [11] in a broad field of
quantum mechanics [12], optics [13–16], acoustics [17, 18],
optomechanics [19, 20], electronics [21–25], and very re-
cently in spintronics [26–30] and cavity spintronics [31, 32].
In Ref. [26], Lee, Kottos and Shapiro proposed two coupled
macroscopic FM layers respecting the PT symmetry: one
layer with loss and another one with an equal amount of gain,
and discussed their dynamics in the framework of Landau-
Lifshitz-Gilbert (LLG) equation [33]. The positive Gilbert
damping (loss) in magnets usually comes from the phonon
dissipation and the electromagnetic radiation, while the neg-
ative one (gain) can be realized by parametric driving and/or
spin transfer torque [26, 28–30]. In this work we investigate
the properties of microscopic easy-plane “gain” ferromagnets.
We map the equation of motion of local magnetic moments
to a dissipative one in antiferromagnets, and thus argue their
equivalence. Based on this finding, we numerically demon-
strate the formation of an AFM skyrmion, a stable topologi-
cal quasiparticle yet to be observed experimentally, in single-
layer chiral ferromagnets with gain, and study its dynamics
driven by spin-polarized electric currents. We also investigate
the spin-wave spectrum in PT symmetric bilayer ferromag-
nets by tuning the balanced gain-loss parameter. The phase di-
agram of the first-order FM-AFM phase transition is obtained
(see Fig. 1). It is interesting that the emerging antiferromag-
netism and AFM skyrmion can only be found when the PT
symmetry is broken.
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FIG. 1: (a) Order parameter 〈mxi 〉 as a function of α in a single FM
layer. Dots are numerical results. Inset: Spin configurations of FM
and AFM states. (b) Phase diagram of the PT symmetric bilayer by
tuning the gain-loss parameter α and the interlayer coupling constant
λ. Symbols are numerical results and the green curve is the analytical
formula min∀k αc(k) = λ/
[
2
√
ζ0(λ + ζ0)
]
.
We start with the following Hamiltonian of a ferromagnet
in two spatial dimensions (the xy plane)
H
{
mi
}
= −
∑
〈i j〉
Jmi ·m j −
∑
〈i j〉
Di j · (mi ×m j) +
∑
i
K(mi · zˆ)2
+HDDI
{
mi
}
,
(1)
where mi is the unit spin vector at the i-th site (ixa, iya) with
ix(y) an arbitrary integer and a the lattice constant, J > 0 is the
FM exchange coupling constant, Di j = Drˆi j × zˆ is the interfa-
cial Dzyaloshinskii-Moriya interaction (DMI) vector [34, 35]
with the unit vector rˆi j = ri j/ri j connecting sites i and j at a
distance ri j = |ri j|, 〈i j〉 sums over all nearest-neighbour sites,
K > 0 is the easy-plane magnetic anisotropy constant, and
HDDI
{
mi
}
=
∑
i, j
µ0M2sa
6
4pir3i j
[
mi ·m j − 3(mi · rˆi j)(m j · rˆi j)
]
(2)
is the non-local dipolar interaction with µ0 the vacuum mag-
netic permeability and Ms the saturation magnetization. Ideal
magnetic materials for the energy model (1) are Fe0.7Co0.3Si
[36], CoFeB [37], etc. The generalization of the present model
to generic two-dimensional (2D) magnets with, e.g., honey-
comb lattices, next-nearest-neighbor interactions, or different
anisotropy axes, is straightforward.
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2In a ferromagnet with gain, the time evolution of the mag-
netization dynamics can be described by the modified LLG
equation [26, 33]:
dmi
dt
= −γmi ×Heff,i − αmi × dmidt , (3)
where γ is the (positive) gyromagnetic ratio and α > 0 is the
gain coefficient. The first term in the right-hand side of Eq. (3)
describes the Larmor precession of local spins about the effec-
tive field Heff,i = −(µ0Msa3)−1∂H
{
mi
}
/∂mi. The second term
is a torque driving the spin away from the field. Due to the
very presence of the gain, the energy change rate of the spin
system
dH
dt
=
αγµ0Msa3
1 + α2
∑
i
∣∣∣mi ×Heff,i∣∣∣2 (4)
is always nonnegative. The parallel state of magnetizations
in the ferromagnet is thus unstable, and the system seeks the
energy maximum.
To obtain more insights, we utilize a mapping ni = −mi and
recast Eq. (3) into
dni
dt
= −γni × H˜eff,i + αni × dnidt , (5)
which recovers the dissipative LLG equation describing
the collective motion of spin vectors ni governed by
a new Hamiltonian H˜
{
ni
}
= −H
{
ni
}
with H˜eff,i =
−(µ0Msa3)−1∂H˜
{
ni
}
/∂ni. Interestingly, we note that H˜ can
be interpreted as a 2D AFM Hamiltonian with J the AFM
exchange constant and K the easy-axis anisotropy constant
along z−direction. While the physical meaning of a negative
dipolar interaction −HDDI
{
ni
}
is not so transparent, we find
that the dipole-dipole interaction effectively renormalizes the
exchange constant as J → J − µ0M2sa3/(4pi) when the stabi-
lized magnetizations are aligned in an antiparallel manner, by
expanding the Hamiltonian for nearest neighbors. This cor-
rection, however, usually is negligibly small: In Fe0.7Co0.3Si
[36], for example, the ratio µ0M2sa
3/(4piJ) ∼ 10−4. We thus
conclude that a ferromagnet with gain is equivalent to an anti-
ferromagnet with an equal amount of loss. The statement can
be presented the other way around as well: an antiferromagnet
with gain is equivalent to a ferromagnet with the same loss.
Then we show that the above mapping indicates a first-order
FM-AFM phase transition by tuning the gain-loss parameter
α. To this end, we choose the magnetization 〈mxi 〉 as the order
parameter, with 〈· · · 〉 representing the average over all sites,
and numerically solve Eq. (3) with the MuMax3 package [38].
We use materials parameters of Fe0.7Co0.3Si [39]. By system-
atically changing the parameter α, we observe a sharp transi-
tion of the order parameter at the point α = 0, as shown in
Fig. 1(a). The internal magnetization configuration changes
from a FM state to an AFM one, as depicted in the inset. This
is a direct evidence of the first-order FM-AFM phase transi-
tion. Further, we find that for bilayer ferromagnets with the
PT symmetry, the first-order phase transition point coincides
with the EP, depending on both the gain-loss parameter and
the interlayer coupling constant, as shown in Fig. 1(b) (see
derivations and discussions below).
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FIG. 2: (a) Random spin configuration at t = 0. (b) AFM state
evolved at t = 0.035 ns. (c) Randomizing spins inside the circle at
t = 0.04 ns. (d) AFM skyrmion stabilized at t = 0.14 ns. Inset
illustrates the magnetization profile of the cross section of the AFM
skyrmion. (e) Current-driven AFM skyrmion motion. Inset displays
the spatial distribution of the z−component of the Ne´el vector li, with
X the position of the skyrmion center. Dots are numerical results
and the green curve is a fitting with Eq. (7) in Ref. [44]. (f) AFM
skyrmion annihilation at the film boundary. Inset shows the current-
dependence of the skyrmion velocity when it is far away from the
edge. Dots are numerical results and the solid line is the analytical
formula.
Now we introduce one compelling application of our find-
ings on skyrmion generations and manipulations. It is a com-
mon wisdom that skyrmions cannot stabilize in a single easy-
plane ferromagnet without applying the external magnetic
field perpendicular to the plane [36, 40, 41]. We challenge
this view by realizing an AFM skyrmion in a FM thin film
with gain. In the simulations, we choose a fixed gain parame-
ter α = 0.01.
We start with a random initial (t = 0) magnetization pro-
file [see Fig. 2(a)], which mimics the state of the thermal de-
magnetization, for instance. At t = 0.035 ns, local magnetic
moments quickly evolve to an antiparallelly aligned state, as
shown in Fig. 2(b). We therefore achieve an AFM state in a
ferromagnet, with the energy cost 2 × 602J ≈ 9.4 eV. The av-
erage power is estimated to be as low as 43 nW, comparable
with that to excite spin waves in FM thin films [42]. How-
ever, the skyrmionic spin texture is yet to emerge. In Fig. 2(c)
we randomize all spins inside a circle of radius 5 nm in the
film center, which can be realized by local heatings or current
pulses [43]. At t = 0.14 ns, an AFM skyrmion stabilizes [see
Fig. 2(d)]. The profile of the staggered magnetization of the
AFM skyrmion can be well described by the formula proposed
in Ref. [44], as shown in the inset of Fig. 2(e).
To manipulate the AFM skyrmion motion, we apply an
in-plane spin-polarized electric current je = − je xˆ with je =
5.0× 1011 A m−2. We find that the AFM skyrmion propagates
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FIG. 3: (a) Schematic plot of coupled FM bilayers (30× 30× 1 nm3)
with balanced gain (red layer) and loss (green layer) with equilib-
rium magnetizations along xˆ-direction. (b) Evolution of ω1,2 on α
for two representative spin-wave modes k = ( pi6a ,
pi
4a ) (blue curves)
and ( pi6a ,
pi
6a ) (red curves). (c) Contour plot of the mode dependence
of αc. PT symmetry is never broken in the white region labeled as
“Inf” the abbreviation of infinity. (d) Critical frequency ωc as a func-
tion of k. In the calculations, we adopted the materials parameters of
Fe0.7Co0.3Si, and the interlayer coupling constant λ = 0.1.
with a large velocity 3000 m s−1. We note that the skyrmion
trajectory is exactly along the flowing direction of electrons,
without suffering the skyrmion Hall effect [see Fig. 2(e)]. The
high speed of the AFM skyrmion agrees with the formula
v = (β/α)uxˆ obtained from the Thiele’s equation [45, 46], as
shown in the inset of Fig. 2(f), where u = µB je/[|e|Ms(1 +β2)]
is the drift velocity of conduction electrons with µB the Bohr
magneton, e the electron charge, and β the material non-
adiabatic parameter (we set β = 0.1 in the simulations). We
do not observe any visible difference with and without dipo-
lar fields. Due to the repulsive force from the boundary, the
AFM skyrmion is slowed down but finally annihilates at the
edge since the driving force from the current overcomes the
edge repulsion, as shown in Fig. 2(f). All these features of the
AFM skyrmion motion can be well reproduced by simulating
(5) instead of (3) (not shown).
Compared to their FM counterparts, AFM skyrmions [47]
have some other advantages, such as the elevated mobility
[48–51] and the unusual thermal properties [48, 52], among
others [53–57]. One recent breakthrough toward this direction
is the experimental realization of ferrimagnetic skyrmions in
GdFeCo films with inhibited skyrmion Hall effect [58, 59].
Because of its intrinsic difficulties in materials and detections,
the AFM skyrmion is yet to be observed in experiments. Our
strategy to generate the AFM skyrmion in single-layer ferro-
magnets thus provides a possible way to overcome the barrier.
We next extend the original idea of Ref. [26] to two coupled
FM films by including finite intralayer exchange couplings,
which enables us to investigate the spin-wave (magnon) ex-
citations. Schematic setup is shown in Fig. 3(a), with m and
m′ representing the spatiotemporal magnetization direction in
the layer with gain and the layer with loss, respectively. The
equations of motion for the coupled magnetization dynamics
read
dmi
dt
= − γmi ×
[
Heff,i + λ(J/µ0Msa3)m′i
]
− αmi × dmidt ,
dm′i
dt
= − γm′i ×
[
H′eff,i + λ(J/µ0Msa
3)mi
]
+ αm′i ×
dm′i
dt
,
(6)
where H′eff,i is identical to Heff,i in Eq. (3) by replacing its con-
stituent m with m′, and λ > 0 is the ratio between the inter-
layer and the intralayer exchange coupling. Under a combined
operation of parity P: mi ↔ m′i and Heff,i ↔ H′eff,i and time
reversal T : t → −t, mi → −mi, m′i → −m′i , Heff,i → −Heff,i,
and H′eff,i → −H′eff,i, we find that Eqs. (6) are invariant and
thus respect the PT symmetry. To obtain the spin-wave spec-
trum, we consider a small deviation of both mi and m′i from
their equilibrium direction xˆ: mi = (1, δmi,y, δmi,z) and m′i =
(1, δm′i,y, δm
′
i,z) with |δmi,y| + |δmi,z| + |δm′i,y| + |δm′i,z|  1. The
eigensolutions of linearized Eqs. (6) have the forms of δmi,y =
Yei(k·r−ωt), δmi,z = Zei(k·r−ωt) and δm′i,y = Y
′ei(k·r−ωt), δm′i,z =
Z′ei(k·r−ωt) with r = (ix, iy)a and k = (kx, ky) the wave vector
of the spin wave. We thus obtain the equation for the column
vector Ψ(k) = (Y,Z,Y ′,Z′)T:
H(k)Ψ(k) = ω(k)Ψ(k), (7)
where H is a 4 × 4 matrix
H(k) =
γ
(1 + α2)µ0Msa3

χ1(k) + α[χ∗2(k) − 2iK′] χ2(k) + αχ1(k) αχ∗0 χ0−αχ1(k) + χ∗2(k) − 2iK′ −αχ2(k) + χ1(k) χ∗0 αχ∗0
αχ0 χ0 χ1(k) − α[χ∗2(k) − 2iK′] χ2(k) − αχ1(k)
χ∗0 αχ0 αχ1(k) + χ
∗
2(k) − 2iK′ αχ2(k) + χ1(k)
 , (8)
with χ0 = iλJ, χ1(k) = 2D sin kya, χ2(k) = 2iJ(cos kxa +
cos kya)− i(4 + λ)J − 2iK′, and K′ = K + µ0M2sa3/2 summing
up the easy-plane anisotropy and the demagnetizing energy.
The solutions of eigenfrequencies come in pairs ±ω. Two
4positive solutions, corresponding to counterclockwise magne-
tization precession around the ground state along xˆ-direction,
are relevant and can be expressed as
ω1,2(k) = λ + 2ζ(k) ±
√
λ2 − 4α2ζ(k)[λ + ζ(k)] (9)
multiplying γJ/
[
(1 + α2)µ0Msa3
]
, with ζ(k) = 2 − cos kxa −
cos kya + (D/J) sin kya. In deriving (9), we have dropped the
contribution from K′ since we focus on the exchange spin-
wave region. For a given k, as the gain and loss parameter α
increases, the two eigenfrequencies approach one another, and
at some critical value α = αc they coalesce at the EP and bifur-
cate into the complex plane [see Fig. 3(b)]. At the EP, the two
normal modes coalesce as well. The domain with real eigen-
frequencies is termed the exact phase, otherwise it is called the
broken phase. From Eq. (9) one can obtain both the critical
gain-loss parameter and the critical frequency. Nevertheless,
we point out a special region −λ 6 ζ(k) 6 0 in which the PT
symmetry is never broken without considering the nonlinear
effect of the LLG equations (6). This fact is in contrast to con-
ventional PT symmetric systems suffering symmetry break-
ing when the strength of the gain-loss term exceeds a certain
critical value [26]. Of course, the nonlinear magnon-magnon
interaction complicates this picture and will generate a level
broadening of spin-wave eigenmodes [42]. For ζ(k) outside
[−λ, 0], the two critical parameters are given by
αc(k) =
λ
2
√
ζ(k)
[
λ + ζ(k)
] , ωc(k) = γJµ0Msa3 λ + 2ζ(k)1 + α2c(k) ,
(10)
both of which are mode-dependent. Figures 3(c) and (d) show
the distribution of αc and ωc over the first Brillouin zone, re-
spectively. The center of the white region in Fig. 3(c) does not
coincide with the origin, with a downward shift arctan(D/J)
caused by the DMI.
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FIG. 4: Trajectory of the steady-state magnetizations at the site
(30a, 30a) in both the “gain” layer (a) and the lossy layer (b) in the
exact phase, with zoomed in details shown in the right side. The
blue dot indicates the instantaneous phase of the spin. We set pinned
boundary conditions and α = 0.01 with rest parameters the same as
those used in Fig. 3.
In the exact phase α < min∀k αc(k) = λ/
[
2
√
ζ0(λ + ζ0)
]
with ζ0 = 3 +
√
1 + (D/J)2, predictions from the linear spin-
wave theory compare well with the full simulation of Eqs.
(6) that the steady-state magnetizations in both layers oscil-
late around the initial misalignment from the xˆ axis without
being attenuated or amplified (see Fig. 4). Since both layers
are in the FM state in the exact phase, we only observe the
counterclockwise spin-wave modes.
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FIG. 5: Time evolution of magnetizations in the “gain” layer under
the broken phase, at (a) t = 0.002 ns, (b) t = 0.006 ns, (c) t = 0.01
ns, and (d) t = 0.16 ns. α = 0.3 in the simulation.
In the broken phase α > λ/
[
2
√
ζ0(λ + ζ0)
] ≈ 0.012 for λ =
0.1, the linear theory indicates an exponential growth of the
spin-wave amplitude, which is associated with the case that
the eigenfrequencies (9) have an imaginary part. The induced
instability can drive the spin away from its equilibrium direc-
tion. The situation in the critical phase α = λ/
[
2
√
ζ0(λ + ζ0)
]
is similar: The linear spin-wave theory introduces a linear in-
stead of exponential growth of the wave amplitude, which is
the consequence of the EP degeneracy. The lossy layer thus
preserves the in-plane FM state to some extent (not shown).
However, in the gain layer, it is interesting that the original in-
plane magnetizations along the xˆ-direction evolve to be per-
pendicular to the plane (but with a negligibly small global
canting of an angle less than 2.5◦ with respect to the normal of
the lossy layer), and finally form an AFM skyrmion, as showin
in Figs. 5(a)-(d). The EP thus exactly coincides with the FM-
AFM phase transition point in the gain layer, which has been
verified by micromagnetic simulations, see Fig. 1(b).
Negative damping is essential to realize our proposal. Its
real world implementation methods are multiform besides the
two approaches introduced above. A recent experiment re-
ported the electricfield-induced negative negative magnetic
damping in FM|FE (ferroelectric) heterostructures [60]. In
Ref. [61], Wegrowe et al. thoroughly analyzed the spin trans-
fer in an open FM layer, and found that the negative damp-
ing appears naturally for describing the exchange of spins be-
tween the magnetic system and the environment [62–64].
In summary, we uncovered a mapping between a ferromag-
net with gain and an antiferromagnet with an equal amount
of loss. A novel first-order FM to AFM phase transition, or
vice versa, was predicted by tuning the gain-loss parameter.
In a chiral easy-plane ferromagnet in the presence of gain, we
showed the emergence of a stabilized AFM skyrmion with-
out applying any external field. In 1D and 2D non-chiral
“gain” ferromagnets, we envision the formation of AFM do-
main walls [65] and vortices [66], respectively. We also stud-
ied the spin-wave spectrum in FM bilayers with balanced gain
and loss. We predicted a spectral region in the first Brillouin
zone, in which thePT symmetry is never broken in the frame-
work of linear spin-wave theory. We found that the emerg-
ing antiferromagnetism and the AFM skyrmion appear in the
“gain” layer only in the cases of broken PT symmetry phase.
5The results presented here open a new way to create and ma-
nipulate AFM solitons in simple ferromagnets through the
first-order FM-AFM phase transition, and build a novel bridge
connecting the PT symmetry to magnonics and skyrmionics.
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